A two-parameter characteristic of functions meromorphic on annuli is introduced and an extension of the Nevanlinna value distribution theory for such functions is proposed.
Introduction
Meromorphic functions with m+1 possible essential singularities {c j }, c j ∈ C, j = 1, 2, ..., m, c m+1 = ∞, are considered. In other words, we consider meromorphic functions in a m-punctured plane. The example of such a function can be given by the composition f • R of a function f, transcendental meromorphic in C, and a rational function R with m + 1 distinct poles in C.
We introduce a m + 1-parameter characteristic of meromorphic functions in a m-punctured plane and investigate the distribution of their values. The introduced characteristic possesses the properties similar to these ones of the classical Nevanlinna characteristic.
To begin consider meromorphic functions with two possible essential singularities. Up to a linear fractional transformation we have 0 and ∞. That is, we consider meromorphic functions in the plane punctured at the origin. We will approach to both singularities by the annuli. A sr = {z : s < |z| < r}. In other words, C \ {0} = 0<s<r<+∞ A sr .
It seems that consideration of annuli A 1 τ r , 1 ≤ τ, 1 ≤ r, will be more convenient.
Note, that there are essential differences between disks and annuli in the topoligal sence which are reflected in the theory of meromorphic functions.
Firstly, the fundamental (Poincré) group of a disk is trivial, while for an annulus, we have a group isomorphic to the additive group Z. Secondly, the In order to introduce a two-parameter characteristic we use the notion of index of a meromorphic function along a circle. 
is an integer.
If f is holomorphic on the circle
is a closed path, and
Taking the real parts of both sides we have
As index of ζ = 0 with respect to Γ is an integer we obtain the needful conclusion in this case.
If f has a unique simple zero a = te
, and
because the transformation w = 1 1 − z maps the unit circle on the straight line Re w = 1/2. Hence, in this case
If f has a simple pole on the considered circle, then we obtain the similar equality with "-" instead of "+". The final conclusion in the general case now follows by induction.
The value ν(t, f ) is said to be index of f along the circle {z : |z| = t}.
If a branch of log f may by determined on the circle,
Lemma 2. Let f be a function meromorphic on the closure of the annulus A sr = {z : s < |z| < r}, and non identical zero. Then
Proof. Assume that there are neither zeroes nor poles of f on the interval
Then a branch of log f can by determined on this interval, and we have
This implies
The
Using the Fubini theorem and changing the order of integration we obtain (2). 
Putting now in (2) s = 1 and subtracting (3) we have
In order to obtain Version 2 of Jensen's theorem we are going to connect the notion of index ν(t, f ) with the counting functions of zeroes and poles of f.
Let T be the unit circle and n(s, r; f ) be the number of poles of f in A sr .
It follows from the argument principle that
and
under the assumption that neither zeroes nor poles of f lie on the circles {z : |z| = t} and {z : z = 1/t}.
Relations (4) -(6) yield the following lemma.
Lemma 3. Let f be a meromorphic function on the closure of A 1 τ r and non identical zero. Then
+ν(1, f ) log τ r . 
of course, if the last integral exists.
We will show that and evaluate the integral.
Let f be a meromorphic function on T.
Lemma 4. Let f be a meromorphic function on the unit circle T, f (z) ≡ 0.
The proof of Lemma 4 needs some auxiliary results.
Lemma 5. For each function f meromorphic on {z : |z| = t}, f ≡ 0, and each ζ ∈ C the relation
holds.
Proof. Relation (9) follows immediately from (1) and the idenity Hence, relation (12) implies
Relations (11) and (13) yield (10).
Proof of Lemma 4. Applying Lemma 5 we have 1 4π
As
Applying Lemma 6, which evaluates the last integral, and (1) we obtain the conclusion of Lemma 4 from (14).
Proof. The indicated properties follow immediately from (8), Lemma 4 and Lemma 3. Moreover, relation (8) implies
at the points of continuity of n. Thus,
It seems, that the last identity with some boundary condition can be a definition of T (τ, r; f ).
Verify also the identity T (τ, r; 1/f ) = T (τ, r; f ). It follows from Version 2 of Jensen's theorem (see (7)) and the relation
Relation (17) is in [1] . We have, as usually |ε 1 (τ, r, a)| ≤ 4 log + |a| + 4 log 2.
